Abstract We recall Charles Babbage's 1819 criterion for primality, based on simultaneous congruences for binomial coefficients, and extend it to a leastprime-factor test. We also prove a partial converse of his non-primality test, based on a single congruence. Two problems are posed. Along the way we encounter Bachet, Bernoulli, Bézout, Euler, Fermat, Kummer, Lagrange, Lucas, Vandermonde, Waring, Wilson, Wolstenholme, and several contemporary mathematicians.
The singular theorem of Wilson respecting Prime Numbers, which was first published by Waring in his Meditationes Analyticae [32, p. 218] , and to which neither himself nor its author could supply the demonstration, excited the attention of the most celebrated analysts of the continent, and to the labors of Lagrange [14] and Euler we are indebted for several modes of proof . . . .
Babbage formulated
Wilson's theorem as a criterion for primality: an integer p > 1 is a prime if and only if (p − 1)! ≡ −1 (mod p). (For a modern proof, see Moll [20, p. 66] .) He then introduced several such criteria, involving congruences for binomial coefficients (see Granville [11, Sections 1 and 4] ). However, some of his claims were unproven or even wrong (as Dubbey points out in [7, pp. 139-141] ). One of his valid results is a necessary and sufficient condition for primality, based on a number of simultaneous congruences. Henceforth let n denote an integer.
Theorem 1 (Babbage's Primality Test). An integer p > 1 is a prime if and only if
p + n n ≡ 1 (mod p)
for all n satisfying 0 ≤ n ≤ p − 1.
This is of only theoretical interest, the test being slower than trial division. The "only if" part is an immediate consequence of the beautiful theorem of Lucas [15] (see [8, 11, 17, 19] and [20, p. 70] ), which asserts that if p is a prime and the non-negative integers a = α 0 + α 1 p + · · · + α r p r and
(Here the convention is that α β = 0 if α < β.) The congruence (1) follows if 0 ≤ n ≤ p − 1, for then all the binomial coefficients formed on the right-hand side of (2) are of the form α α = 1, except the last one, which is 1 0 = 1. However, the theorem was not available to Babbage, because when it was published in 1878 he had been dead for seven years.
Lucas's theorem implies more generally that for p a prime and m a power of p, the congruences
hold. A converse was proven in 2013: Meštrović's theorem [19] states that if m > 1 and p > 1 are integers such that (3) holds, then p is a prime and m is a power of p. To begin the proof, Meštrović noted that for n = 1 the hypothesis gives Here we offer another generalization of Babbage's primality test.
Theorem 2 (Least-Prime-Factor Test). The least prime factor of an integer m > 1 is the smallest natural number satisfying
For that value of , the least non-negative residue of
The proof is given in Section 2.
Babbage's primality test is an easy corollary of the least-prime-factor test. Indeed, Theorem 2 implies a sharp version of Theorem 1 noticed by Granville [11] in 1995.
Corollary 1 (Sharp Babbage Primality Test). Theorem 1 remains true if the range for n is shortened to 0 ≤ n ≤ √ p.
Proof. An integer m > 1 is a prime if and only if its least prime factor exceeds √ m. The corollary follows by setting m = p in Theorem 2.
f To see that Corollary 1 is sharp in that the range for n cannot be further shortened to 0 ≤ n ≤ √ p − 1, let q be any prime and set p = q 2 . Then p is not a prime, but the least-prime-factor test with m = p and = q implies (1) when 0 ≤ n ≤ q − 1. 
(ii) If in addition p r | m but p r+1 m, where r ≥ 1, then The sequence of integers m > 1, for which some integer d (necessarily composite) satisfies Babbage also claimed a necessary and sufficient condition for primality based on a single congruence. But he proved only necessity, so we call it a test for non-primality.
Our version of his proof is given in Section 3. Not only did Babbage not prove the claimed converse, but in fact it is false. Indeed, the numbers m 1 = p Here p 1 (indicated by Selfridge and Pollack in 1964) and p 2 (discovered by Crandall, Ernvall and Metsänkylä in 1993) are Wolstenholme primes, so called by Mcintosh [16] because, while Wolstenholme's theorem [33] (see [11, 18, 30] and [20, p. 73] ) of 1862 guarantees that every prime p ≥ 5 satisfies We have seen that the converse of Babbage's non-primality test is false. The converse of Wolstenholme's theorem is the statement that if p ≥ 5 is composite, then (10) does not hold. It is not known whether this is generally true. A proof that it is true for even positive integers was outlined by Trevisan and Weber [30] in 2001. In Section 3, we fill in some details omitted from their argument and extend it to prove the following stronger result.
Theorem 5 (Converse of Babbage's Non-Primality Test for Even Numbers). If a positive integer m is even, then
2 Proofs of the least-prime-factor test and its extension 
(To see the equality, equate the coefficients of x n in the expansions of (1 + x) m+n and (1 + x) m (1 + x) n .) Thus, we arrive at the congruences
On the other hand, from the identity
(to prove it, use factorials), the congruence (12) for n = − 1, the integrality of m+ = m + 1, and the inequality > 1 (as is a prime), we deduce that
Together with (12) , this implies the least-prime-factor test.
f Proof (Theorem 3). It suffices to prove (ii). Set
since p r | m. Bézout's identity gives integers a and b with a(p − 1)! + bm = g. When 0 < k < p, multiplying Bézout's equation by 
Combining this with (13) and Vandermonde's convolution, we get
As p r+1 m, we have p r m p . Now, (14) and (15) imply (6), as required. f
Proofs of Babbage's non-primality test and its converse for even numbers
The following proof is close to the one Babbage gave. 2m
But as m ≥ 3 is odd, (16) contradicts (9) . Therefore, m is composite.
f Before giving the proof of Theorem 5, we establish two lemmas. For any positive integer k, let 2 v(k) denote the highest power of 2 that divides k.
the exponent of the highest power of 2 that divides the product
As r = v(m), this proves the desired formula. Proof. Kummer's theorem [13] (see [20, p. 78] or [24] ) for the prime 2 states that v( 
